This paper is devoted to study the algebraic limit cycles of planar piecewise linear differential systems. In particular we present examples exhibiting two explicit hyperbolic algebraic limit cycles, as well as some 1-parameter families with a saddle-node bifurcation of algebraic limit cycles. We also show that all degrees for algebraic limit cycles are allowed.
Introduction
The study of algebraic limit cycles of planar polynomial differential equations has a long history. To the best of our knowledge they started to be considered, particularly for quadratic systems, around the late fifties of last Century by the Chinese and Russian schools, see the survey paper [Llibre, 2008] and the references therein. The main motivation of these works was to advance in the knowledge and role of the algebraic solutions of polynomial differential equations and constitutes, somehow, a continuation of the classical works of Darboux and Poincaré in this direction.
For instance, up to now it is known that there are quadratic systems having algebraic limit cycles of degrees 2, 4, 5 or 6, see [Chavarriga et al., 2001; Llibre &Świrszcz, 2006 Llibre &Świrszcz, , 2007 and their references. Notice that in the smooth world, these type of differential equations are the simplest ones that can have this type of solutions.
In this paper we answer some natural questions about the parallel problem of algebraic periodic solutions but in simple piecewise differential systems. We consider two linear systems with a straight line of separation and we study the existence, number and degree of the "algebraic" limit cycles in this setting.
In fact, in non-smooth dynamics the differential equations appearing in the simplest models are linear and of the type described above. These models have attracted the attention of many scientists not only because of its simplicity, but also for the accuracy of the obtained results comparing with the real observations, see more details in [Acary et al., 2011; Brogliato, 2016; Kunze, 2000] .
In order to state precisely our results we introduce first some notations and definitions. Consider the piecewise differential system 2 defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0}. If an equilibrium point of X ± is in Σ ± it is said that it is a real equilibrium point for the piecewise differential system. Otherwise it is called a virtual equilibrium point.
Notice that over the line Σ = {(0, y) ∈ R 2 } the vector field is bivaluated. We say that a point (0, y 0 ) ∈ Σ is of crossing type if f + (0, y 0 )f − (0, y 0 ) > 0. Moreover, if f + (0, y 0 ) = 0 or f − (0, y 0 ) = 0, and non simultaneously vanishing, then (0, y 0 ) is called a tangent point. Otherwise, if (0, y 0 ) is not an equilibrium, it is said of sliding type. All these points define the sliding set. Moreover, the sliding set will be attracting (repelling) if f + (0, y 0 ) < 0(> 0) and f − (0, y 0 ) > 0(< 0). Periodic orbits that have neither sliding part nor tangent points are called crossing periodic orbits, otherwise they are called sliding periodic orbits. As usual, isolated periodic orbits are called limit cycles. Some examples of sliding limit cycles are showed in Figure 3 . For more details on these type of limit cycles and a codimension 1 bifurcation where they can appear see [Guardia et al., 2011; Kuznetsov et al., 2003] , or for general properties of piecewise differential systems see [di Bernardo et al., 2008; Filippov, 1988] .
Recall that given two limit cycles, Γ 1 and Γ 2 , they are nested if Γ 1 ⊂ Int(Γ 2 ), or conversely. As usual, for any Jordan curve Γ, Int(Γ) denotes the bounded connected component of R 2 \ Γ. Similarly, any number of limit cycles are said to be nested if each two of them are nested.
We say that an isolated periodic orbit Γ is an algebraic limit cycle if all its points, except the ones on the sliding set in Σ, are contained in the level sets of one or two polynomials, that is if Γ ∩ Σ ± \ Σ ⊂ {(x, y) ∈ R 2 : p ± (x, y) = 0} for some irreducible polynomials p − and p + , that might coincide. If the respective degrees of p − and p + are m and n, we say that the degree of Γ is (m, n). For the sake of shortness we write Γ = {p − , p + }.
As we have already said, in this paper we deal with algebraic limit cycles for piecewise linear differential systems. Before stating our main result we present a simple example of algebraic limit cycle for a piecewise linear differential system with a virtual node for X − and a real center for X + ,
With the techniques introduced in this work it can be proved that its unique limit cycle is Γ = 9x − 4y − 5 + (3x − y − 2) 2 , x 2 + y 2 − 1 and it is stable, hyperbolic, algebraic and of degree (2, 2), see Figure 1 . Theorem 1.1. Consider the family of piecewise linear differential systems
where f ± and g ± are polynomials of degree 1 defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0}. The following properties hold:
(i) If some system (2) has an algebraic limit cycle, then each of the corresponding linear smooth systems, X ± , must be either without equilibrium points or have a unique equilibrium point of one of the three types: saddle, node with different eigenvalues, or center. Moreover, in the first two cases the quotient between the eigenvalues of the Jacobian matrix of the corresponding vector fields at the equilibrium points must be rational numbers. (ii) All algebraic limit cycles must be of crossing type. (iii) If a system (2) has an algebraic limit cycle, all the other limit cycles of this system must be algebraic as well. Moreover, all of them are nested. (iv) There are not algebraic limit cycles Γ = {p − , p + } such that p − = p + .
(v) There are explicit systems (2) with exactly two hyperbolic and algebraic limit cycles. (vi) There are explicit systems (2) with exactly one explicit double (semistable) algebraic limit cycle. (vii) For every (m, n) ∈ N 2 , m ≥ 2, n ≥ 2, there is a system (2) with a hyperbolic algebraic limit cycle of degree (m, n).
Notice that with our definition of limit cycle, the periodic orbits such that the bounded region that they delimit is full of periodic orbits and have a neighborhood of its exterior free of periodic orbits are not limit cycles. This situation may happen for piecewise linear differential systems: it suffices to take in one side as X + a system with a real center in the interior of Σ + and in the other side a suitable X − . Many times, the ellipse tangent to Σ is "almost" an algebraic limit cycle because it is one side isolated in the set of periodic orbits. This orbit is not of crossing type.
Although nowadays it is known that there are systems of type (2) having three (non algebraic) limit cycles, see [Buzzi et al., 2013; Freire et al., 2014a; Llibre & Ponce, 2012; Llibre et al., 2013] , it took some time to find the first example with two limit cycles and it even was erroneously conjectured in 2010 that two would be the maximum number of limit cycles for this family of piecewise linear differential systems, see [Han & Zhang, 2010] . It is worth observing that our proof of statement (v) gives a very easy way of finding examples of systems with exactly two hyperbolic crossing limit cycles. In fact, an advantage of the examples that we present is that the total algebraization of the problem allows to prove in many cases that the found limit cycles are the only periodic solutions of the system.
It is also interesting to notice that all examples with three limit cycles have at least one of the two linear systems with a (real or virtual) equilibrium point of focus type. Therefore, in view of item (i) it is quite natural that we have found "only" two algebraic limit cycles. This suggests the following natural question: Question: Are there piecewise linear differential systems of type (2) with three or more algebraic limit cycles?
All our attempts to answer this question failed. We have also tried to find triple algebraic limit cycles without success, see Remark 2.1 for more detailed comments.
It also worthwhile to observe that there is no explicit quadratic system having a double limit cycle, those are only existential examples which are provided in the literature. On the other hand, in the piecewise linear differential setting we have been able to give such explicit examples, see Propositions 4.1 and 4.2.
In Subsection 2.2 we give an example of algebraic limit cycle with sliding (that is, not of crossing type) of a nonlinear piecewise differential systems, showing that the linearity assumption is needed to prove statements (ii) and (iv). Obviously, the result of item (iii) is also exclusive to linear systems of type (2).
Finally notice, that in contrast with what happens for quadratic systems, where the highest degree of known algebraic limit cycles is 6, in our context we have totally solved the question about the allowed degrees of the algebraic limit cycles and there is no restriction for them. This paper is structured as follows. Section 2 describes which are the type of systems that we are dealing with, proves items (i) to (iv) of Theorem 1.1 and also gives some preliminary results. The method used to analyze the stability and hyperbolicity of the periodic orbits is developed in Subsection 2.1 and an example of algebraic limit cycle with sliding for a nonlinear system is given in Subsection 2.2. Examples with exactly two hyperbolic algebraic limit cycles proving statement (v) are given in Section 3. A bifurcation of saddle-node of algebraic limit cycles inside the piecewise linear differential systems class is presented in Section 4. Finally, in Section 5 we show the existence of algebraic limit cycles of degree (m, n) for arbitrary m and n, greater than or equal to two, proving statement (vii).
Systems with algebraic level curves
This section is devoted to prove statements (i) to (iv) of Theorem 1.1. We also give an example of sliding limit cycle for a piecewise nonlinear differential system and introduce the approach that we will use to study the stability of the algebraic limit cycles.
Proof. [Proof of statement (i)] Because the vector fields X ± are linear, it is clear that the isolated periodic orbits of system (2) must cross Σ. As we have commented in the introduction, continua of periodic orbits, corresponding to the invariant ellipses associated to a real center, might lie in any of the regions Σ ± , but limit cycles are never present.
Notice first that the algebraic pieces of any periodic orbit in Σ ± can not be formed with pieces of invariant straight lines. This statement follows once we prove that if a smooth linear system has an irreducible invariant algebraic curve of degree bigger than 1, then it is of one of the following two types:
• A linear system with a unique equilibrium point of type center, saddle, or node with different eigenvalues, and such that the quotient among the corresponding eigenvalues is a nonzero rational number. • A linear system without equilibrium points.
To prove the above assertion we assume first that one of the vector fields, say X + but extended to the whole plane, has some equilibrium point. If this point is not isolated, then the linear system writes as (x , y ) = ((ax + by + c)k, (ax + by + c) ) for some real constants a, b, c, k, and . Hence it has no invariant algebraic curve of degree bigger than 1. Thus, we can assume that the determinant of differential of X + at the equilibrium points is not zero.
We study separately the cases with 0, 1 or 2 real invariant straight lines passing through the equilibrium point. Is clear that, in the first case, the point is a focus or a center. The systems with focus points can not have algebraic curves and, in contrast, the systems with centers have all their invariant curves algebraic (are ellipses). In the second case, from the explicit solutions, the level sets, different from straight lines, are all non algebraic. In the last case, after an affine change of variables if necessary, the system writes as (u , v ) = (λ 1 u, λ 2 v) where λ 1 and λ 2 are the eigenvalues. In these coordinates the system is integrable and a first integral writes as |u| λ 2 |v| −λ 1 . In the original coordinates this first integral is H 1 = | 1 | λ 1 | 2 | −λ 2 , where the straight lines 1 = 0 and 2 = 0, which are invariant by the flow, coincide with the eigendirections. The proof in this last case finishes because only when the eigenvalues have rational quotient the solutions are contained in algebraic sets. This is so because if −λ 1 /λ 2 = p/q, with p, q ∈ Z, then
As p, q are integer numbers,
is also a first integral and all its level sets are algebraic curves. If the vector field, considered again in the whole plane, has no equilibrium points, it can be written as (u , v ) = ((Au + Bv + C)D + E, (Au + Bv + C)), for some real parameters A, B, C, D, and E = 0. With the linear change (x, y) = ((u − Dv)/E, v) it is transformed to x = 1, y = ax + by + c.
If b = 0, its only algebraic invariant curve is an invariant line. If b = 0, it has the first integral
and all its solutions are algebraic and given by parabolas if a = 0 and by straight lines otherwise. Hence statement (i) follows. Proof.
[Proof of statement (ii)] Assume that Γ is an algebraic limit cycle having a segment pq contained in the sliding set. Without loss of generality we can assume that the sliding set is attracting, see Figure 2 . The unique way of a trajectory let out the sliding set is via a visible tangency in Σ + , for example. See the three pictures in Figure 3 . A similar case by case study as the one developed in (i) shows that the unique situation such that the trajectory Γ come back to Σ is when X + is of center type. Then, the points p and q coincide and, with our definition, Γ is not a limit cycle. This can be observed in Figure 2 (left or center). Finally, we observe that sliding periodic orbits are only possible if there is a real focus responsible of the visible tangency. See again Figure 3 .
Proof. [Proof of statements (iii)] The first part is a direct consequence of the statement (i). This is so because when the system has an algebraic limit cycle indeed all solutions of (2) are formed by (finitely or infinitely many) pieces of algebraic curves. To prove that all limit cycles are nested we proceed by contradiction. Notice that, by statement (ii), all limit cycles are of crossing type. If there are two non nested limit cycles there exists a (non invariant) straight line, ax + by + c = 0, tangent to both limit cycles and the tangent points are both in Σ + . These tangent points are solutions of the linear system {ax + by + c = 0, af + (x, y) + bg + (x, y) = 0}. This system has exactly one solution because the straight line is not invariant. This fact contradicts the existence of both tangent points.
Proof. [Proof of statement (iv)] If the algebraic limit cycle is of the form Γ = {p, p}, then p(x, y) = 0 is a level set of degree bigger than one of one of the algebraic first integrals of the linear systems. Recall that these first integrals are parabolas, ellipses or curves of the form (3). Moreover this level set must be a closed curve. Hence the unique possibility is that p(x, y) = 0 is an ellipse. Since both systems have the same ellipse as a solution it holds that X + = µX − for some µ ∈ R \ {0}. In particular the curve p(x, y) = 0 6 forms part of a continuum of invariant ellipses, so it is an algebraic periodic orbit but it is not a limit cycle, as we wanted to prove.
Stability of the crossing algebraic periodic orbits
The crossing periodic orbits are defined gluing the respective pieces in Σ ± of the two level curves {H + (x, y) = h + } and {H − (x, y) = h − } that coincide on Σ only at the points (0, u) and (0, v). These levels curves are either of the form (3), or ellipses, or parabolas. In particular we can think that v is the half return map of u, or viceversa. As u = v, the functions
are well defined. Then, the curves C ± = 0, in the (u, v)-plane, define implicitly the considered half return maps in Σ ± . Consequently, the periodic solutions are in one to one correspondence with the intersection points of the curves {C + (u, v) = 0} and {C − (u, v) = 0}. We remark that the system is symmetric in the variables (u, v) because we have not fixed where u and v are located in the y-axis. We can restrict the solutions to the ones satisfying u < v. We have removed, from H ± (0, u) − H ± (0, v) the factor u − v because the trivial solution v = u gives no information.
The stability of the periodic orbits can be also studied from the intersections of the curves {C + (u, v) = 0} and {C − (u, v) = 0}. Let (u 0 , v 0 ) be an intersection point. The half return maps in Σ ± near the corresponding periodic orbit follow from the series expansion at u = u 0 of the function v ± (u) defined implicitly by C ± (u, v(u)) = 0, as we have explained before. As u 0 coincides in both half return maps, we will use the difference map, v + (u) − v − (u), instead of the composition of them. Then, the zeros of the difference map provide the crossing periodic orbits.
Writing the half return maps as
. . The first non zero L i provides the stability inside and outside the periodic orbit, otherwise we have a center. In this case we say that i is the multiplicity of the periodic orbit. Moreover, if L 1 is different from zero the periodic orbit is a hyperbolic limit cycle. The attractor or repeller character of a limit cycle can be determined using the rotation direction and the sign of L 1 . When L 1 vanishes and L 2 not we say that the limit cycle is double. In this last case it is semistable. Examples of both situations together with a saddle-node bifurcation of periodic orbits are showed in the next sections.
This notion coincides with the stability criteria obtained using the first non vanishing derivative of the composition of both return maps in Σ ± at the fixed point.
Remark 2.1. In all our computations with piecewise linear differential systems having algebraic level curves such that L 1 = L 2 = 0 and L 3 = 0 the intersection points do not correspond to limit cycles because at least one of the invariant straight lines crosses Σ in the segment formed by the points (0, u 0 ) and (0, v 0 ). Hence, we have found no limit cycle of multiplicity three. Additionally, in all cases we have tried, when L 1 = L 2 = L 3 = 0 always L 4 = L 5 = 0.
An algebraic limit cycle with sliding
We have proved in statement (ii) that all algebraic limit cycles for linear piecewise differential systems have no sliding. This section is devoted to show that removing this linearity assumption in one of the vector fields X ± this type of algebraic limit cycles can exist. In fact, we introduce a one-parameter family of piecewise polynomial differential systems X ± with degrees 1 and 2 having an algebraic limit cycle that passes from being of crossing type to being of sliding type. In particular the family presents a critical crossing cycle bifurcation, see [Freire et al., 2015] for more details on this bifurcation. Recently, in [Novaes et al., 2018] this bifurcation also appears but without studying if the limit cycles are or not algebraic.
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Proposition 2.2. The system X + : (x , y ) =(−3y 2 + 8y − 4, −1),
defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0}, has a unique limit cycle when 2/3 < a < 2, otherwise the system has no periodic solutions. This limit cycle is algebraic of degree (2, 3) and writes as
when 2/3 < a ≤ 1, and
when 1 ≤ a < 2. Moreover, when 2/3 < a < 1 it is of crossing type and stable and when 1 ≤ a < 2 it intersects the sliding segment.
In Figure 4 we show the evolution of the phase portrait between the bifurcation values a = 2/3 and a = 2. For the special value a = 1, one of the intersection points of the limit cycle with the separation line is a tangent point. a = 2/3 a = 1 a = 2 Fig. 4 . One-parameter family with an algebraic limit cycle that changes from crossing (2/3 < a < 1) to sliding (1 < a < 2) type
Proof. [Proof of Proposition 2.2] Straightforward computations show that all the solutions of (5) are included in the level curves of the polynomials H ± with H − (x, y) = x 2 + (y − a) 2 and H + (x, y) = x − 4y + 4y 2 − y 3 . Moreover, the sliding region is defined by the two segments (max{a, 2}, ∞) and (2/3, min{a, 2}), when a > 2/3, or (a, 2/3), when a < 2/3. The first is an attractor and the second is a repeller. It is easy to see that periodic orbits can only exist when 2/3 < a < 2, and in fact, the crossing and sliding limit cycles exist when 2/3 < a < 1 and 1 ≤ a < 2, respectively. From the phase portraits depicted in Figure 4 is clear that the sliding limit cycle is unique. The proof finishes using the method described in Section 2.1, checking that, for a ∈ (2/3, 1), there is only one crossing limit cycle and it is hyperbolic and attractor. The uniqueness follows because the curves (4),
have only one intersection point satisfying u < v. In particular
Finally, we can obtain its stability,
Statement (v): Two explicit algebraic hyperbolic limit cycles
In [Llibre & Zhang, 2016] it is proved that the maximum number of limit cycles (not necessarily algebraic) for piecewise linear differential systems is two when in one side the system has a center and that it is one if the other system has not a focus point. Since in statement (v) we are interested on having at least two limit cycles, in our examples for proving this statement (and also statement (vi)) we do not consider the case of one of the systems having a center. We notice that it is not difficult to find examples with a unique algebraic and hyperbolic limit cycle with one of the equilibrium points of the associated smooth linear systems of center type, see for instance system (1) in the introduction. For similar reasons we do not consider systems that have, in one side, a system without equilibrium points. The next two results provide examples of piecewise linear differential systems having two explicit algebraic and hyperbolic limit cycles. The first has two real saddles and the second two virtual nodes. Figure 5 shows the drawing of the periodic solutions and the invariant straight lines in both cases. 
defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0} has exactly two limit cycles. One crosses the y-axis at (0, −1) and (0, 1), and the other at (0, −17/28) (0, 11/14). Moreover, they are algebraic, hyperbolic and have opposite stability, and they write as
Moreover, these two limit cycles surround a sliding segment.
Proof. First we will prove that system (7) has two periodic solutions described by the level sets of the statement. The second step will be the proof that no other periodic orbit exists. Finally, we show the hyperbolicity and stability properties.
Systems defined in (7) have two saddle equilibrium points in the intersection point of two invariant straight lines that cross y-axis in (0, 5/4), (0, −2) for X + and (0, a), (0, −a(a 2 + 3)/(3a 2 + 1)) for X − . Then, the solutions of (6) can be obtained gluing pieces of hyperbolas like curves defined by the level sets H ± = h ± varying h ± , where H ± are defined in (7) . Both piecewise algebraic curves are periodic orbits only if they are connex in the respective half planes where they are defined and they do not contain any real equilibrium point. Consequently, since a < 0, the crossing points of the periodic orbits with the y-axis should be between (0, max(−2, −a)) and (0, min(5/4, −a(a 2 + 3)/(3a 2 + 1)).
Straightforward computations show that the solutions passing through the crossing points (0, −1) and (0, −17/28) correspond to the levels defined in the statement. Additionally, these curves pass also through the crossing points (0, 1) and (0, 11/14), respectively.
For system (6), the two limit cycles appear as it is shown in the left-hand picture of Figure 5 . The polynomial p(z) has another real root b > a. Changing a by b ≈ −0.3220697181 in system (6), it has no limit cycle, see Figure 6 . Observe that only for the smallest root the pieces of the hyperbolas passing trough the crossing points define a closed curve. Using the method described in Section 2, the non existence of other periodic solutions can be proved studying the intersection points of the curves C ± = 0 in (4) that, for system (6), write as
+ 8 a 3 u 2 + 8 a 3 uv + 8 a 3 v 2 − 6 a 2 (a 2 − 1)u − 6 a 2 (a 2 − 1)v − 8 a 3 = 0.
The above system of equations, with the symmetry restriction and taking into account that a satisfies p(a) = 0, has only two real solutions (1, −1) and (−17/28, 11/14) . This can be proved because, modulus some non zero rational constants and the factor 51744a 3 − 16563a 2 + 751, the resultant of C + (u, v) and C − (u, v) with respect to v, simplified taking into account that p(a) = 0, is D(u) := (u 2 − 1)(14u − 11)(28u + 17)(392u 2 + 2226u + 6127), and the one respect to u is, by symmetry, D(v) = 0, and it is well known that the real and complex solutions of the system {C + (u, v) = 0, C − (u, v) = 0} are contained into the ones of the uncoupled system {D(u) = 0, D(v) = 0}. The twelve real spurious solutions provided by the method can simply be discarded replacing them into the initial equations C ± (u, v) = 0.
Only remains to prove the hyperbolicity condition. This can be done also using the curves C ± . In fact, we only need to compute the series expansion of each piecewise continuous solution v(u) near u = −1 and u = −17/28 for both C ± . Straightforward computations show that v + (u) = 1 − 7 15 (u + 1) − 676 3375 .
Moreover, as the product of the above numbers is negative, the limit cycles have opposite stability.
Furthermore, notice that system (6) has two tangent points of X ± that define, over Σ, the sliding segment (1/6, −2a/(3a 2 + 1)), that it is inside the smallest periodic orbit.
Similarly as the previous proof, the next proposition, exhibiting two explicit algebraic hyperbolic limit cycles in the node-node case, follows. For this new system the first integrals are H ± (x, y) = P ± (x, y)/Q ± (x, y) and the level curves which define the limit cycles are Proposition 3.2. The piecewise linear differential system
defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0} has exactly two limit cycles, one crossing the y-axis at (0, −1) and (0, 1), and another at (0, −275/276) and (0, 5/24). Moreover, they are algebraic and hyperbolic, and are
It is not difficult to find simpler piecewise linear differential systems having two algebraic limit cycles. This can be done, for instance, using the normal forms introduced in [Freire et al., 2014b] . Nevertheless, it is not easy to find rational initial conditions on Σ for both limit cycles.
Statement (vi): Double algebraic limit cycles
This section is devoted to show the existence of explicit double (semistable) algebraic limit cycles in the saddle-node and saddle-saddle cases. We only give the details in the first case, because both proofs are similar. The periodic orbits for both systems together with the corresponding invariant straight lines are drawn in Figure 7 . 
defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0} has, for ε small enough, exactly 0, 1 double, or 2 hyperbolic limit cycles with opposite stability when ε < 0, ε = 0, or ε > 0, respectively. When ε = 0, the limit cycle crosses the y-axis at (0, −1) and (0, 1) and it is algebraic. 
Proof. It is easy to see that the solutions of (8) are defined by the level sets of H + given in (9) and
This, taking ε = 0, proves the last statement.
Using the method described in Section 2 the periodic orbits can be determined from the intersection of the curves C ± (u, v) = 0 defined in (4). Consequently, for every ε, the limit cycles for equation (8) are the intersection of the two curves
In the above functions we have removed some non zero factors. We recall that they define implicitly the first return map. The resultant of C + and C − ε with respect to v is D(u, ε) = res(C + , C − ε , v) = 1728(−1400ε + 5047(u + 1) 2 − 49224ε(u + 1) + 86637ε 2 ) + O 3 (u + 1, ε).
By using the Newton diagram, the local expansions of the branches of the curve D = 0 near (u, ε) = (−1, 0) are given by its principal part. They can be obtained solving −1400ε + 5047(u + 1) 2 = 0. Notice that this equation has no solution for ε < 0 and two simple solutions when ε > 0. Associated to each of these two solutions, the series expansion, near ε = 0, of the intersection points are
The series expansion of v ± (u), defined implicitly from C ± ε , near u ± in (10), write as
The proof finishes studying the stability of the periodic orbits computing the difference between the previous expressions,
Clearly, when ε > 0 the two limit cycles are hyperbolic with opposite stability and when ε = 0 the limit cycle has multiplicity 2, that is double and semistable.
Proposition 4.2. The piecewise linear differential system 
defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0} has, for ε small enough, exactly 0, 1 double, or 2 hyperbolic limit cycles with opposite stability when ε < 0, ε = 0, or ε > 0, respectively. When ε = 0, it crosses the y-axis at (0, −1) and (0, 1) and it is algebraic and double. 
Statement (vii): Limit cycles with degree (m, n)
This section is devoted to show explicit piecewise linear differential systems with algebraic limit cycles of arbitrary degree. In the first result the algebraic curves have different degrees and in the second they have the same degree. We remark that the first differential system has a symmetry with respect to (m, n), which implies that, when m = n, it has a center. We have found other examples that would allow to treat simultaneously the cases m = n and m = n, but for them the computations for proving the hyperbolicity of the limit cycle are more involved. So we have decided to split the study in these two cases.
Proposition 5.1. Let m, n ≥ 2 be different integer numbers. The piecewise linear differential system X + : x =n(a − n)x − a(n − 1)y + n(a − 1), y =n 2 (n − 1)x + n(an − 1)y,
with a = ((n + 1) n − (n − 1) n )/((n + 1) n + (n − 1) n ) and b = ( , h + = 2n n (n + 1) n + (n − 1) n ,
Proof. The first integrals of the vector fields X ± are H ± (x, y) = P ± (x, y)/Q ± (x, y). The existence of an algebraic periodic orbit of degree (m, n) follows checking that the level curves {P − (x, y) − h − Q − (x, y), P + (x, y) − h + Q + (x, y)} pass through the points (0, ±1). The hyperbolicity is proved computing the half return map implicitly from the curves C ± (u, v) = 0 using (4). From the notation of Subsection 2.1 we have that
The proof follows showing that V (n) is a positive decreasing function for n ≥ 2. In fact we prove the monotonicity condition extending it to the reals, for x ≥ 4. Straightforward computations show that V (2) = 9 > V (3) = 32/5 > V (4) = 25625/4617. First we prove that 7 ≤ f (x) ≤ (5/3) 4 is a decreasing function for x ≥ 4. It is easy to check that f satisfies the differential equation f = f g with g(x) = log((x + 1)/(x − 1)) − 2x/(x 2 − 1). Computing g and checking that g > 0 and g has limit zero at infinity, we get that g < 0 and f < 0. So, f is a decreasing function. The inequality follows observing that f (4) = (5/3) 4 and the limit, when x goes to infinity, is e 2 > 7.
The proof finishes proving that the derivative of V is negative and its limit, when x goes to infinity, is (e 2 −3)/(e −2 +1) > 0. Straightforward computations show that
with V 1 (x) =(x − 1) 2 f (x) 2 + 2(x 2 − 1)f (x) − (3x − 1)(x + 1), V 0 (x) =(x − 1) 2 f (x) 2 − 4x(x − 1)f (x) − (x + 1) 2 .
Then, for x ≥ 4, since f (x) ≥ 7, we have that V 1 (x) ≥ (x − 1) 2 · 7 2 + 2(x 2 − 1) · 7 − (3x − 1)(x + 1) = 60x 2 − 100x + 36 > 0.
Similarly, since 7 ≤ f (x) ≤ (5/3) 4 ,
Consequently, the numerator of V is negative for x ≥ 4.
Proposition 5.2. Let n ≥ 2 be an integer number. The piecewise linear differential system X + : x =(−n 2 + 2a)x − a(n − 1)y + 2a − n, y =2n(n − 1)x + n(2a − 1)y, X − : x =(−n 2 + 3b)x − b(n − 1)y + 3b − n, y =3n(n − 1)x + n(3b − 1)y, with a = (3 n −1)/(3 n +1) and b = (2 n −1)/(2 n +1), defined in Σ ± = {(x, y) ∈ R 2 : ±x ≥ 0}, has a hyperbolic stable algebraic limit cycle of degree (n, n). Moreover, it writes as {P − (x, y) − h − Q − (x, y), P + (x, y) − h + Q + (x, y)} with P + (x, y) =nx + ay + 1, Q + (x, y) = x + 1 2 y + 1 n , h + = 2 1+n 3 n + 1 , P − (x, y) =nx + by + 1, Q − (x, y) = x + 1 3 y + 1 n , h − = 3 n 2 n−1 (2 n + 1) .
Proof. The first integrals of the vector fields X ± are H ± (x, y) = P ± (x, y)/Q ± (x, y). The first steps of the proof are the same as the proof of Proposition 5.1. The main difference is how the hyperbolicity is proved because the expressions of V ± 1 , following the method described in Subsection 2.1, are different. From them we write the stability as L 1 = L 1 (n) = − 3 n (3 n − 2n − 1) 3 n−1 (2n − 3) + 1 + 2 n (2 n − n − 1) 2 n−1 (n − 2) + 1 .
The above expression is well defined, for n ≥ 2, because the denominator of both summands are positive. The numerator writes as −3 n−1 2 n−1 A 1 (n) − A 2 (n) − (n + 1)2 n , with A 1 (n) =(n − 2)3 n+1 − (2n − 3)2 n+1 , A 2 (n) =9 n − n(2n − 7)6 n−1 − 4 n − (2n + 1)3 n .
The proof finishes proving that A 1 (n) and A 2 (n) are positive for n ≥ 3, because L 1 (2) = −5. To prove this positiveness, we write A 1 (n) =9(n − 2)2 n−1 3 2 n−1 − 8n − 12 9n − 18 , A 2 (n) =5 6 n−1 3 2 n−1 − n(2n − 7) 5 + 4 n−1 9 4 n−1 − 4 + 3 n 3 n−1 − (2n + 1) ,
where in the last equality we have used 9 n = (5 + 1 + 3)9 n−1 . Then we can prove, by induction, that the four expressions between brackets of the form α n−1 − β(n) are positive for n ≥ 3.
